Abstract. Let ðX ; LÞ be a quasi-polarized manifold of dim X ¼ n. In a previous paper we gave a new invariant (the i-th sectional geometric genus) of ðX ; LÞ, which is a generalization of the degree and the sectional genus of ðX ; LÞ. In this paper we study some properties of the second sectional geometric genus. 
Introduction
Let X be a projective variety of dim X ¼ n over the complex number field C, and let L be a nef and big (resp. an ample) line bundle on X . Then we call the pair ðX ; LÞ a quasi-polarized (resp. polarized ) variety, and ðX ; LÞ is called a quasi-polarized (resp. polarized) manifold if X is smooth. In [6] , we gave a new invariant of ðX ; LÞ which is called the i-th sectional geometric genus g i ðX ; LÞ of ðX ; LÞ for 0 c i c n. We note that g i ðX ; LÞ is a generalization of the degree L n and the sectional genus gðLÞ. (Namely g 0 ðX ; LÞ ¼ L n and g 1 ðX ; LÞ ¼ gðLÞ.) Here we recall the reason why we call this invariant the sectional geometric genus. Let ðX ; LÞ be a quasi-polarized manifold of dimension n d 2 with BsjLj ¼ q, where BsjLj is the base locus of jLj. Let i be an integer with 1 c i c n, and let Y be the transversal intersection of general n À i elements of jLj. In this case Y is a smooth projective variety of dimension i. Then we can prove that g i ðX ; LÞ ¼ h i ðO Y Þ, that is, g i ðX ; LÞ is the geometric genus of Y . In [6] we study some fundamental properties of the i-th sectional geometric genus. We find that we can generalize some problems about the sectional genus to the case of the sectional geometric genus. For example, in [6] we proposed the following conjecture:
Conjecture 0.1. Let ðX ; LÞ be a quasi-polarized manifold of dim X ¼ n and let i be an integer with 0 c i c n. Then g i ðX ; LÞ d h i ðO X Þ. [6] we proved that this conjecture is true if BsjLj ¼ q. Moreover we classified polarized manifolds ðX ; LÞ which satisfy the following properties:
(A) dim X d 3, BsjLj ¼ q, and g 2 ðX ; LÞ ¼ h 2 ðO X Þ, (B) dim X d 3, L is very ample, and g 2 ðX ; LÞ ¼ h 2 ðO X Þ þ 1.
In a future paper, we will classify polarized manifolds ðX ; LÞ such that L is very ample and g 2 ðX ; LÞ À h 2 ðO X Þ c 5. In [7] we study the conjecture for the case where 0 c dim BsjLj c n À 1.
Furthermore in [6] we proved the following which is analogous to a theorem of Sommese ([11, Theorem 4 
.1]):
Theorem 0.2 ([6, Corollary 3.5]). Let ðX ; LÞ be a polarized manifold of dim X ¼ n d 3. Assume that L is spanned. Then the following are equivalent: 
ðX ; LÞ is one of the types from (1) to (7-4) in Theorem 1.13 below.
In this way, it is interesting and very important to study the sectional geometric genus, and we hope that by using this invariant we can study polarized manifolds more deeply. In this paper, we mainly study the second sectional geometric genus of (quasi-) polarized manifolds. The contents of this paper are the following: In Section 1, we prepare for some results which are used later. In Section 2, we give an explicit formula of the second sectional geometric genus of quasi-polarized manifolds. In Section 3, we study the second sectional geometric genus of polarized manifolds and we obtain the following: The author would like to thank the referee for giving very valuable comments on the first version of this paper. In particular, the assertion of Theorem 3.5 was improved by the referee's comment.
Notation and Conventions. In this paper, we shall study mainly a smooth projective variety X over the complex number field C. The words ''line bundles'' and ''Cartier divisors'' are used interchangeably.
OðDÞ: invertible sheaf associated with a Cartier divisor D on X .
O X : the structure sheaf of X .
wðFÞ: the Euler-Poincaré characteristic of a coherent sheaf F.
jDj: the complete linear system associated with a divisor D.
K X : the canonical divisor of X .
kðDÞ: Iitaka dimension of a Cartier divisor D on X .
kðX Þ: Kodaira dimension of X . P n : projective space of dimension n.
Q n : hyperquadric surface in P nþ1 .
@ (or ¼): linear equivalence.
1: numerical equivalence.
1 Preliminaries Definition 1.1. Let X be a normal projective variety of dim X ¼ n, and let E be a vector bundle on X . Let U ¼ ðh 1 ; . . . ; h nÀ1 Þ be an ðn À 1Þ-tuple of numerically e¤ec-tive Q-divisors on X . Then E is said to be U-semistable if
for every nonzero subsheaf F of E, where
for any torsion free sheaf G on X .
Theorem 1.2 (Harder-Narashimhan filtration). Let X be a normal projective variety of dim X ¼ n and let E be a torsion free sheaf on X. Let U ¼ ðh 1 ; . . . ; h nÀ1 Þ be an ðn À 1Þ-tuple of numerically e¤ective Q-divisors on X. Then there exists a unique filtration
that has the following properties: for any integer i with 1 c i c s where T X is the tangent bundle of X, chðEÞ (resp. tdðT X Þ) is the Chern character of E (resp. the Todd class of T X ), and Ð X denotes the degree of the zero-dimensional component of ðchðEÞ tdðT X ÞÞ V ½X . where t ½ j ¼ tðt þ 1Þ . . . ðt þ j À 1Þ for j d 1 and t ½0 ¼ 1. Then the sectional genus gðLÞ of ðX ; LÞ is defined by the following:
Remark 1.8.1. If X is smooth, then the sectional genus of ðX ; LÞ can be expressed by the following formula:
where K X is the canonical divisor of X . 
LÞ is equal to the degree (resp. the sectional genus) of ðX ; LÞ.
LÞ ¼ h n ðO X Þ, and g n ðX ; LÞ is independent of L.
Theorem 1.10. Let ðX ; LÞ be a quasi-polarized manifold of dim X ¼ n. Let i be an integer such that 0 c i c n À 1. Then
Proof. See [6, Theorem 2.3].
r Theorem 1.11. Let X be a variety of dim X ¼ n and let L 1 ; L 2 ; A 1 ; . . . ; A nÀ2 be nef
Proof. See [3, (0.4.6)], or [1, Proposition 2.5.1]. r Definition 1.12.
(1) Let X (resp. Y ) be an n-dimensional projective manifold, and L (resp. A) an ample line bundle on X (resp. Y ). Then ðX ; LÞ is called a simple blowing up of ðY ; AÞ if there exists a birational morphism p : X ! Y such that p is a blowing up at a point of Y and L ¼ p Ã ðAÞ À E, where E is the p-exceptional reduced divisor. (2) Let X (resp. Y ) be an n-dimensional projective manifold, and L (resp. A) an ample line bundle on X (resp. Y ). Here we put ðX 0 ; L 0 Þ :¼ ðX ; LÞ. Then we say that ðY ; AÞ is the first reduction of ðX ; LÞ if there exist polarized manifolds ðX j ; L j Þ for 1 c j c t þ 1 and birational morphisms m j : (1) ðP n ; Oð1ÞÞ, (2) ðQ n ; Oð1ÞÞ, (3) a scroll over a smooth curve,
a hyperquadric fibration over a smooth curve, (6) a scroll over a smooth surface,
Oð2ÞÞ for any fiber F 0 of it, 
Proposition 1.14. Let ðX ; LÞ be a polarized manifold of dim X ¼ n, and let i be an integer with 1 c i c n. Let ðM; AÞ be the first reduction of ðX ; LÞ. Then g i ðX ; LÞ ¼ g i ðM; AÞ.
Proof. See [6, Proposition 2.6]. r Definition 1.15. A variety X of dimension n is said to be uniruled if there exist a variety Y of dimension n À 1 and a dominant rational map
(Here we note that P n is uniruled.)
. Let X be a normal and 1-Gorenstein projective variety of dim X ¼ n and let L be a line bundle on X . For an integer j with 0 c j c n, the j-th pluridegree d j ðLÞ of the pair ðX ; LÞ is defined as
where K X is the canonical sheaf of X .
Remark 1.16.1. Let ðX ; LÞ be as in Definition 1.16. Then by easy calculations, we obtain the following: In this section we will give an explicit formula for the second sectional geometric genus of quasi-polarized manifolds.
Proposition 2.1. Let ðX ; LÞ be a quasi-polarized manifold of dim X ¼ 3. Then
where c 2 is the second Chern class of X.
Proof. By the Hirzebruch-Riemann-Roch theorem (see Theorem 1.6), we get that
where c i ¼ c i ðT X Þ for the tangent bundle T X of X . By the Kawamata-Viehweg vanishing theorem and the Serre duality, we have Àh 0 ðK X þ LÞ ¼ wðÀLÞ:
By the Hirzebruch-Riemann-Roch theorem, we obtain that
Therefore since c 1 ¼ ÀK X , we get that
So by Theorem 1.10 we get the assertion. r
Next we consider the case in which dim X d 4.
Proof. Here we use Notation 1.7. Then ðX nÀ3 ; L nÀ3 Þ is a quasi-polarized manifold with dim X nÀ3 ¼ 3 and BsjL nÀ3 j ¼ q. Then we can prove that by the adjunction formula
By the exact sequence
we get that
where r : X iþ1 ! X i is the embedding, T X j is the tangent bundle of X j for j ¼ i, i þ 1, and cðEÞ denotes the total Chern class of a vector bundle E. So we obtain that
Here we note that
We also note that
This completes the proof of Proposition 2.2. r Corollary 2.3. Let ðX ; LÞ be a quasi-polarized manifold of n
Proof. Let A be an ample line bundle on X . We put
Here we note that g 2 ðX ; L þ tAÞ is a polynomial in one indeterminate t by Theorem 1.6 and Definition 1.9, and f ðtÞ is also a polynomial in one indeterminate t. If BsjL þ tAj ¼ q, then g 2 ðX ; L þ tAÞ ¼ f ðtÞ by Proposition 2.2. But since there are infinitely many t with BsjL þ tAj ¼ q, we have g 2 ðX ; L þ tAÞ ¼ f ðtÞ for any t. In particular g 2 ðX ; LÞ ¼ f ð0Þ and we get the assertion. r 3 Properties of the second sectional geometric genus of polarized manifolds
In this section, we assume that X is smooth and L is ample. We study the second sectional geometric genus of a polarized manifold ðX ; LÞ. First we prove the following lemma.
Lemma 3.1. Let X be a smooth projective variety of dim X ¼ n d 3, and let L, H 1 ; . . . ; H nÀ2 be ample Cartier divisors on X. We put U ¼ ðH 1 ; . . . ; H nÀ2 Þ. Let E be a vector bundle on X such that E is generically U-semipositive. Then E n L is also generically U-semipositive.
Proof. Let D be a numerically e¤ective Q-divisor on X and let W ¼ ðH 1 ; . . . ; H nÀ2 ; DÞ. Let
is a torsion free W-semistable sheaf,
Þ is a strictly decreasing function on i.
Since E is generically U-semipositive, we get that
Claim 3.1.1. The Harder-Narashimhan filtration of ðE n LÞ Ã with respect to W is the following:
and by using ð€Þ we get that
(B) Next we prove that d W ðGr i ðS W n L Ã ÞÞ is a strictly decreasing function on i. By using ð€€Þ, we get that
Therefore S W n L Ã is the Harder-Narashimhan filtration of E Ã n L Ã with respect to W. This completes the proof of Claim 3.1.1.
r
Since E is generically U-semipositive and L is ample, we have
Hence E n L is generically U-semipositive. r By Theorem 1.5 and Lemma 3.1 we get the following. 
Proof. By [8, Example 3.2.2], we get that
Because c 2 ðW
This completes the proof of Proposition 3.4. r Theorem 3.5. Let ðX ; LÞ be a polarized manifold of dim X ¼ n. Assume that kðX Þ d 0. Let ðM; AÞ be the first reduction of ðX ; LÞ, and let g be the number of points blown up under the first reduction map.
(2) If n d 3 and K X is nef, then
Proof.
(1) First we note that by Proposition 1.14, g 2 ðX ; LÞ ¼ g 2 ðM; AÞ. So we calculate g 2 ðM; AÞ. Here we note that M is not uniruled because kðMÞ d 0. So by Proposition 3.4 we have
On the other hand, By (1) and (2) in Remark 1.16.1, we get that 
By using Lemma 1.17, we obtain that
We get the assertion (2) . r Corollary 3.5.2. Let ðX ; LÞ be a polarized manifold of dim X ¼ n.
(1) If n d 4 and kðX
(1) By Theorem 3.5 (1), we obtain that
Since n d 4, g d 0, and L n d 1, we get that
Hence g 2 ðX ; LÞ > h 1 ðO X Þ À 1. Because g 2 ðX ; LÞ is an integer, we obtain the assertion (1).
(2) Assume that n ¼ 3, kðX Þ d 0, and K X is nef. Then by Theorem 3.5 (2), we obtain that
LÞ is an integer, we obtain the assertion (2) . r (1.2) If K X is nef and n d 5, then by Theorem 3.5 (2) we get that g 2 ðX ; LÞ d
(2) The inequality in Corollary 3.5.2 (2) is best possible. Namely, there exists an example of ðX ; LÞ such that dim X ¼ 3, kðX Þ d 0, K X is nef, and g 2 ðX ; LÞ ¼ h 1 ðO X Þ. Let X ¼ C ð3Þ be a symmetric product of a smooth projective curve C of genus three. Let p : C Â C Â C ! C ð3Þ be the natural map and let p :
By Theorem 3.5 (1)
Proof. Assume that g 2 ðX ; LÞ ¼ 0. By Corollary 3.5.2 (1), we get that
Because by Theorem 3.5 (1)
we obtain that L 4 þ g c 12 and we get the assertion (1).
Hence by Theorem 3.5 (1)
and we obtain that
Namely n 2 À 5n À 1 c 0. Since n d 5, we get that n ¼ 5.
Namely n 2 À 5n À 7 c 0. Since n d 5, we get that 5 c n c 6. This completes the proof of Corollary 3.5. 4 . r
Here we consider the case where kðX Þ ¼ Ày.
Proposition 3.6. Let ðX ; LÞ be a polarized manifold of dim X ¼ n such that kðX Þ ¼ Ày and X is not uniruled. Then
(1) By the same argument as in the proof of Theorem 3.5 (1) (see (3.5.a)), we get that
Since K X þ ððn À 2Þ=2ÞL is nef and n d 6, we get that
Hence by Corollary 2.3 g 2 ðX ; LÞ d h 1 ðO X Þ because g 2 ðX ; LÞ A Z.
(2) Assume that n ¼ 5 and K X þ L is nef. Then by the same argument as in the proof of Theorem 3.5 (1) (see (3.5.a)), we get that
Hence
Since K X þ L is nef, we obtain that
Therefore g 2 ðX ; LÞ > h 1 ðO X Þ À 1. Because g 2 ðX ; LÞ is an integer, we get that g 2 ðX ; LÞ d h 1 ðO X Þ. This completes the proof of Proposition 3.6. r
Next we consider a lower bound of g 2 ðX ; 2LÞ for the case where dim X ¼ 3.
Theorem 3.7. Let ðX ; LÞ be a polarized manifold of dim X ¼ 3.
(1) Assume that kðX Þ d 0. Let ðM; AÞ be the first reduction of ðX ; LÞ, and let g be the number of points blown up under the first reduction map. Then
(2) Assume that kðX Þ ¼ Ày. Then
Proof. (I) The case where kðX Þ d 0. Let ðM; AÞ be the first reduction of ðX ; LÞ. By Theorem 1.10, we get that
On the other hand, since 
ð3:7:aÞ Since K M þ A is nef and kðMÞ d 0, we get that 
Therefore by Proposition 2.1
Hence we get the assertion (1).
(II) The case where kðX Þ ¼ Ày. By Theorem 1.10 and the Serre duality, we have
This completes the proof of Theorem 3.7. r Corollary 3.7.1. Let ðX ; LÞ be a polarized manifold of dim X ¼ 3. Assume that kðX
Proof. By Theorem 3.7 (1), we get that
where g is the number of points blown up under the first reduction map. Since L 3 þ g > 0, we get that g 2 ðX ; 2LÞ > h 1 ðO X Þ À 1. Hence we get the assertion because g 2 ðX ; 2LÞ is an integer. r
Here we note that if L is nef and big, dim X ¼ 3 and h 0 ðLÞ d 1, then we get the following: 
Claim. n ¼ 3.
and g 2 ðX ; LÞ d 1. Therefore this is impossible. Assume that n ¼ 4. Then
we obtain that L 4 ¼ 1. In this case by Corollary 2.3 the second sectional geometric genus of ðX ; LÞ is the following:
By (3.9.1) and (3.9.2), we obtain that K X L 3 ¼ 0 because g 2 ðX ; LÞ ¼ 0. But then ðK X þ 3LÞL 3 ¼ 3 and this is impossible because ðK X þ 3LÞL 3 is even. This completes the proof of this claim. r
Since n ¼ 3 and h 1 ðO X Þ ¼ 0, by Corollary 2.3 we get that Proof. Assume that kðX Þ d 0. Let ðM; AÞ be the first reduction of ðX ; LÞ, and let g be the number of points blown up under the first reduction map. Assume that g 2 ðX ; 2LÞ ¼ 0. By Theorem 3.7 (1), we obtain that L 3 ¼ 1, g ¼ 0, and h 1 ðO X Þ ¼ 0. Hence ðX ; LÞ G ðM; AÞ.
By (3.7.a) and (3.7.b) in the proof of Theorem 3.7, we get that
Hence K X L 2 ¼ 0 because g 2 ðX ; 2LÞ ¼ 0. In this case Proof. First we prove the following claim:
Claim 3.11.1. h 0 ðK X þ 2LÞ ¼ 0.
Proof. By Theorem 1.10 and the Serre duality, we obtain that Hence we obtain that K X þ 2L is not nef by [5, Corollary 2.7] . So ðX ; LÞ is one of the above types by Theorem 1.13 and Remark 1.13.1. r
